350 J. AIRCRAFT

VOL. 14,NO. 4

Analysis of the Turbulent Wake of a Cascade Airfoil

W.A. Gustafson* and D.W. Davis Jr.{
Purdue University, West Lafayette, Ind.

F.D. Deffenbaught
Indianapolis Center for Advanced Research, Indianapolis, Ind.

The structure of the wake in an incompressible, turbulent fluid behind an airfoil in a cascade is investigated.
Boundary-layer equations containing longitudinal curvature terms are applied to the probiem, and the similarity
properties of the equations are developed. Local similarity solutions are determined for mean velocity profiles at
several wake positions, and these results are compared with experimental data for two incidence angles. Good
correlation between theory and experiment is obtained beyond approximately a tenth of a chord downstream of

the airfoil at small incidence angles.

1. Introduction

HE structure of a cascade wake has importance in ob-

taining an understanding of the periodic forces that tend
to produce blade vibrations in axial flow compressors. A
steady uniform flow entering a stator row is turned by the
blades and each blade produces a viscous wake that is usually
turbulent and grows in thickness downstream. There are
velocity and pressure variations across the wake associated
with wake curvature. The rotor blades behind the stator are
consequently subjected to a nonsteady, periodic flowfield,
which may tend to induce bending and torsional vibration of
the blades. These blade vibrations can result in structural
failure in certain circumstances.

The analysis presented below considers the development of
an incompressible, turbulent, curved wake behind an airfoil,
which is part of a cascade. The trailing-edge phenomena as
described by Stewartson' and Messiter? for laminar flow is
not considered. The analysis only applies at a downstream
location, where mean velocity profiles begin to indicate
similarity properties. The existence of similarity has been
suggested by the experimental data of Raj and Lakshminara-
yana.? Their data show that the mean velocity profiles in-
dicate weak similarity properties at about a tenth of a chord
length downstream from the trailing edge, but the similar
nature of the flow increases substantially beyond that point.
The correlation of data in Ref. 3 was based on results deduced
from similarity considerations applied to the turbulent
boundary-layer equation neglecting curvature terms. In
addition, one other term in the equation was neglected, which
permitted the following results to be obtained. It was shown
that U, (x)~x"", U (x)/U,(x)~x~Y=m72  and
b(x) ~xm*tD/2 where U, is the wake edge velocity, x is the
distance downstream from the airfoil trailing edge, U, is the
wake centerline velocity, m is a parameter that depends on
various geometric factors, and b is the wake width. The fact
that the edge velocity and centerline velocity vary as a power
law in downstream distance suggests that a wake analysis
might be carried out by means of a similar solution. Also an
examination of the experimental mean velocity profiles in
Ref. 3 shows an asymmetry in structure, thereby indicating
that curvature may be a significant factor and should be
included in the analysis.
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II. Similarity Analysis of the
Boundary-Layer Equations

It is assumed that the incompressible, turbulent, curved
wake behind an airfoil in a cascade can be described by means
of the appropriate boundary-layer approximation of the
Navier-Stokes equations. An orthogonal curvilinear coor-
dinate system is used in which the x direction corresponds to
the wake ‘‘centerline,”” and the y direction is everywhere
normal to it. The wake ‘‘centerline’’ is more clearly defined as
the locus of the minimum points of the mean velocity profiles
in the wake. Transformation of the Navier-Stokes equations
in Cartesian coordinates to this curvilinear coordinate system
is given by Goldstein.* The subsequent order of magnitude
analysis that retains first-order longitudinal curvature effects
is given by Schultz-Grunow and Breuer® for laminar flow. An
equivalent procedure can also be done for turbulent flow as
indicated by Spence,® and the results for the continuity and
momentum equations ignoring viscous stresses are
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where p(x,y) is the pressure, ¥ and v are the mean trubulent
velocity components, k(x) is the curvature, and the Reynolds
stress has been replaced by an eddy viscosity law, i.e., —u'v’
=edu/dy, where e (x) is the eddy viscosity that we will assume
in general is a function of x. Note that these ‘‘higher order”
boundary-layer momentum equations have both an x and a y
component, the second one stating that a pressure gradient
exists across the boundary layer due to the curvature of the
flow. These equations can be solved for u(x,y), v(x,y), and
p(x,y) assuming that k(x) and e(x) are specified, and that
appropriate boundary conditions are given. The wake
‘‘centerline’’ is that line along which the velocity at any
position x has its minimum value. Thus k(x) describes the
curvature of this line (y =0) along which we apply boundary
conditions such that du/dy =0 and v=0. The outer edge of the
wake should merge into an inviscid flow determined from the
cascade geometry. This solution is not available for the
cascade used in the experiments of Ref. 3, so we will use a
boundary condition obtained by requiring that the outer flow
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be irrotational. The form of this boundary condition is
discussed at a later point in the presentation.

The next step in the analysis is to eliminate p(x,y) from
Egs. (2) and (3) by cross differentiation, and then replace u
and v in terms of the stream function  (x,y), which can be
introduced to satisfy the continuity equation as follows.

a 1 9
u=—"[/ v=—~—~—¢ “4)
ay 1+ky ox

Carrying out these manipulations produces the stream-
function equation
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where subscripts x and y denote partial differentiation.

We are now ready to investigate the possibility of similar
solutions to the turbulent, incompressible wake with cur-
vature. This is carried out in a way similar to that done by
Massey and Clayton’ for laminar flows with curvature. We
define the following dimensionless forms for the variables
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where L is a characteristic length (airfoil chord), ¢, is a
constant, @ is a dimensionless curvature parameter, U,, is the
wake edge velocity at the airfoil trailing edge, U, (x) is the
wake edge velocity, U.(x) is the minimum velocity in the
wake at y =0, n is the new independent variable, and f (%) is
the dependent variable. This definition of ¥ gives the velocity
uas .

u=?—¢=U0f’+U(, %)
ay

and substitution for U, gives

(u=U,)/(Ue=U,) =S )]

The transformation relations (6) are substituted into Eq. (5)
and after some algebraic manipulation we obtain
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where coefficients k; to k,;, are all functions of x, and
therefore each must be a constant in order to obtain a
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similarity solution. The form of these coefficients is given
below.
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Comparing k; and k; it can be seen that U, and U, must be
of the same functional form. Since U,=U,—-U,, it is clear
that U, must also be of the same form, namely a power
function of x with the same exponent. However, this does not
conform to the physical situation of the wake behind an
airfoil in a cascade. As Ref. 3 indicates, the edge velocity
U,~x~", i.e., it is retarded, whereas the ‘‘centerline”
velocity must increase at a different rate corresponding to a
different exponent. Hence, a similarity solution is not possible
for this wake problem unless some assumptions based on
experimental data can be made. In Ref. 3, it was assumed and
then verified from the data (see Fig. 4, Ref. 3) that the
product Uyg is a constant in the wake. Adoption of this result
givesk, =ks=0,k;=—ko=k,—ky, k;=ky, ky=(ki—k3)/
Zk_;, k10= - (kg—k4)2/2k3, where

ko=Uyg (11)
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The coefficients have now been reduced to a set of four
primary coefficients kg, k,, k3, k4, plus five others expressed
in terms of k,, k3, and k,. The coefficients kg, k,, k;, and k,
can be shown to be exactly the same as those discussed in Ref.
3, accounting for differences in notation and taking s=0
which means that e = constant. In Ref. 3 the coefficient k; was
neglected by assuming that it appeared in a term in the dif-
ferential equation which was negligible. If one compares k;
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and k, it is evident that these two coefficients require that U,
and U, be proportional, which again makes it impossible to
obtain a similarity solution that would be consistent in
structure with the wake problem that we are trying to solve.
Hence, two approaches to the problem are now possible. We
can neglect k3, which also requires that we neglect k¢ and kg,
and then it is possible to obtain a global similarity solution.
Alternatively, we could proceed by means of a local similarity
solution. This involves choosing several downstream locations
in the wake and evaluating the coefficients at those values of
x, then solving the differential equations at each of these
locations. The wake structure can then be patched together
from these solutions. We follow the later procedure retaining
k;, ks, and k9, and proceeding with the solution of Egs. (12)
and (14), in a manner similar to that given in Ref. 7 for the
laminar case, obtaining

[ Be=y) <§)S+'_Uet]'/2
g_[ 26+ \L/ T, s
and
Ue _ (3(1—")/) x\ s+ (a+v)/(Ba—7)
e _,20Ga 7)[ (__ ’]
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At this point we can set o =1 without loss of generality since,
in Eq. (12), o can be absorbed into a redefined g(x). The case
a=0 is a special case and will not be considered here. With
a=1wehave
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Experimentally we know that U, and U, must vary as a
different power function of x; hence, dividing Eq. (11) by Eq.
(17) and using Eq. (18) gives
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The remaining transformations become
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Based on the foregoing analyses, the boundary-value problem
for local similarity now becomes
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Note that k; must be evaluated at each downstream location
x, and Eq. (22) must be solved at each station.

The boundary condition on f” () as n becomes large comes
from assuming that the wake merges with an outer
irrotational flow. In the coordinate system being used here the
vorticity is

1 dv 9

=1+ky5;—5;[(1+k_y)u] (23)

¢

At high Reynolds numbers, the wake is thin and we can
neglect dv/dx compared to the other terms. In defining the
similarity variables, it should be noted that the wake velocity
profile as given by f’ (n) only accounts for the change in
velocity from the ‘‘centerline’’ value U, to the outer edge
velocity U,. It was necessary to define the transformation this
way because U,(x) and U, (x) are different functions, so in
effect we subtracted the ‘‘centerline’’ velocity from the total
wake velocity so that f’ () will not involve x at the boun-
daries. Therefore, in Eq. (23), we neglect the first term, set
¢=0, and also substract U, from u to give

ad
5—[(1+ky)(u—Uc)]=0 (24
y

Integrating we obtain u—U.=G(x) /(1 +ky) where G(x) is
a function of integration which can now be chosen to give a
proper form to the boundary condition in similarity variables.
From Eq. (7) we can sutstitute for u, and choosing
G(x)=Uy(x) weget for largey

S =1/(1+Qn) —1=—Qn/(1+Qn) (25)

This type of boundary condition has been used in several
boundary-layer analyses>’® in which longitudinal curvature
is considered and reflects the fact that the outer flow has a
velocity variation at a given point x because of its curvature.

Since we later make some comparison of results of local
similarity and global similarity, it is necessary to indicate the
difference in these methods in terms of the equations. For
global similarity, we neglect the terms in Eq. (9) that contain
k;, kg, and k;,, and thus the remaining coefficients are
k1=k6—_—0, k2=a=1, k7=k4=’Y, k5=’y_'1, and k9=1—’Y.
The resulting differential equation is

(1+Qn)3f//,l+(1+97l)2[39f/,/+7lfl//+f,’]
+QUAQ " +Qf =y [ +0) °f
+29(1+Q)f'1=0 (26)

with the same boundary conditions previously given. Here it is
noted that v is a constant for a given flow condition, and
hence the solution to this equation applies at any wake
location.

1I1I. Eddy Viscosity and Parameter Determination

The classical expression for eddy viscosity as applied to
problems in free turbulence is

e=€pb (X) [Umax (X) — Upin (X) ] =€ (x) Up(x) 27
where ¢, is a constant, b(x) is a measure of the wake width,
and in this case the velocity difference is just U, (x).

Our primary interest with this analysis is in comparing it
with the experimental data of Ref. 3 where it is shown that

b(x) ~(x/L)* (28)
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where p=0.58 for all three incidence angles considered,
namely i=0, 2, and —6 deg. In our similarity analysis, we
represented e(x) as shown in Eq. (6), which must be con-
sistent with Eq. (28). Hence, using Eqgs. (6), (11), and (27) we
have

E:fo(x/L)Szfob(x) Uo(x) ~ (X/L)p
«(x/L) s+ DU~y /B3=7) o

It is clear that p must be represented in terms of s and v as
follows

p=s+(s+1)(I—-v)/(3—7%) (30)

and s and y must have values such that p=0.58. Another
condition is clearly required in order to determine s and v
uniquely.

In Ref. 3, the wake edge velocity is correlated in the form
U, (x) ~x~™ where m has a specified value for each of the
three incidence angles investigated. The form of U, is given by
Eq. (17); thus we have

s+ U+y)/B=y)=—m (31)

The evaluation of s and y can now be determined uniquely
using Eqs. (30) and (31) since a given set of experimental data
specify the value of m and p. Solving these two equations
gives
s=(2p—1—-m)/3 y=(4m+p+1)/(2m—-p—1) (32)
The integration of Eq. (22) can now be accomplished upon
input of the wake curvature parameter @ and k;. Substitution
of Eqgs. (11) and (18)into Eq. (13) permits k; to be written as

-2k
ks=—7 1@ —y)/2(s+1)]U-n/G-D

et

—1/(3-v) (S+1) (1—7)

x C,
3-7)

(X/L) —2(s+1)/(3—-7) (33)

where the constants k,/U,, and C, are obtained from Eqgs.
(17 and (19) by matching U,/U,, and Uy/U,=1-U./U,
with the corresponding experimental data of Ref. 3, which is
also shown in Figs. 1 and 2. In Ref. 3 the data for U,/ U,, and
U,/ U, as a function of downstream distance x was put on a
log-log plot and a straight line correlation was used. Thus one
could write that U,/U,,=Ax®? and a similar expression for
U,/ U,. We have made a slight revision in this correlation as
shown in Figs. 1 and 2, where the experimental points and
correlation of Ref. 3 are shown along with a new least-squares
fit of the data with a function of the form Ax2. The coef-
ficient A and exponent b are slightly different than those
given in Ref. 3 and we believe that the new correlation is more
accurate. It should be noted that the correlation for i= -6
deg is slightly poorer than at the other incidence angles i=0
deg and i =2 deg, hence, we should expect that the final results
for velocity profiles would be poorest for this case.

A summary of the parameter values needed to solve Eq.
(22) as obtained by correlation with experimental data is given
in Table 1. Although we have kept p a constant as suggested in
Ref. (3), there is no restriction in the theory that requires this.

Table1 Parameter values

i, deg m P ¥ s C, kol Uy,
2 0.0198 0.58 —1.077 0.0467 0.864 0.156

0 0.0473 058 -1.191 0.0376 0.727 0.166
-6 0.1157 0.58 —1.515 0.0148 0.396 0.209
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Fig. 1 Variation of wake edge velocity with downsteam distance.
Experimental data points from Ref. 3.
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Fig. 2 Variation of wake centerline velocity with downstream
distance. Experimental data points from Ref, 3.

The wake curvature as represented by the shape of the x
axis can be determined from the curvature expression in Eq.
(6) as follows.

VR, @ _ d¢ ”
T L g(x) dx 34

where ¢ is the angle between a tangent to the x axis and the
direction of the cascade axis. Substituting Eq. (18) into Eq.
(34) and integrating with respect to x yields

y - (3-7v)
=é,—R”2QC,"/G» 7
proi TG [2-s(1-7)]
[ 3—v ] (7‘“”3‘”( x) (2=5U =1/ (3 =) 35
X} —— =
2(s+1) L 35

where ¢, is the value of ¢ at x=0, i.e., ¢, defines the
direction of the flow leaving the trailing edge of the airfoil
relative to the cascade axis. To calculate the shape of the x
axis, it is convenient to determine (X, Y) coordinates where X
is in the direction of the cascade axis, and Y is perpendicular
to the cascade axis and directed along a line through the
trailing edge of each airfoil. Thus X={cos¢pdx and
Y ={sin¢dx, with the integration starting from the airfoil
trailing edge. These integrations must be done numerically.

IV. Numerical Integration

The “‘triple point’> boundary value problem (22) is solved
using a ‘‘shooting’> method. The solution must satisfy
boundary conditions at the edge of the wake as well as three
boundary conditions along the centerline. However, since the
governing differential equation (22) is of fourth order, four
boundary conditions are all that is required to completely
determine the solution. It is convenient to start the numerical
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Fig4 Mean velocity profile, i =0 deg, x/L =0.56, R, = 900.

integration of the differential equation at =0 where the
greatest number of boundary conditions are specified. The
fourth boundary condition is arbitrarily chosen to be the one
at 5= + o, Once the boundary-value problem has been solved
for positive 7, then the solution for negative values of 7 is
determined and easily obtained. '

The boundary-value problem is transformed into an initial
value problem by guessing the initial value of f*’’(0). The
numerical integration is then started at »=0 with the given
values of f(0) =0, f/(0)=—1, f'(0)=0, and the assumed
value of f'’ (0). A value of Q is selected and k; is determined
for the chosen downstream location x/L. The integration is
carried out to some value of » where it is assumed that the
outer boundary conditions are satisfied. This value of 7 is
denoted as 5. For the present problem 5, =7.0. At the outer
limit the computed value of f’ () is compared with the
required boundary condition.

The computed value of f" ' (5;) is also compared with the
required value of £’ (n,) which is obtained by differentiating
the second boundary condition of Eq. (22). Based on the
resulting errors at the outer limit, a new value of f'’’(0) is
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chosen and the integration is repeated. When the conditions
of f' (n;) and f'’ (%) are satisfied to within some specified
error the integration procedure stops. This procedure is based
on a method developed by Nachtsheim and Swigert.® The
integration is then carried out to = —v,, using the current
value of f”’’(0) to complete the wake solution. If the initial
choice of Q was not proper, then the solution for negative 5
will not merge with the proper value for the outer irrotational
flow boundary condition. It is then necessary to start over
with a new value of @ and repeat the process until a value of Q
is found such that f’ approaches the outer solution for both
positive and negative 5. This procedure determines the ap-
propriate value of the curvature parameter for the local
similarity solution at each downstream station selected.
Figure 3 shows a typical result of this process for several
values of Q. Note that for positive 5 the solution is forced to
merge with the outer flow for all Q, but only for 2=0.0015
does the solution for the indicated parameter values satisfy
the boundary condition for large negative n. The procedure
for determining the wake structure by means of local
similarity is to select several downstream locations and solve
the differential equation at each location finding the value of
Q so that the solution merges with the outer flow on both sides
of the wake. A global similarity solution is found in a dif-
ferent way because there can be only one value of Q for the
entire wake, and hence, one similarity solution applies at all
wake locations. The result of this is that one must select an
so that the velocity deficit region of the solution has the
proper width to correlate the experimental data, but then one
finds that the boundary condition for negative % is not
satisfied in all cases. It was pointed out in Sec. II that this
problem does not have a global similarity solution unless one
neglects, without justification, some terms in the equation.
The consequences of doing that are now apparent. However,
it is shown in the following section that velocity profiles in
physical space can be made to correlate the data in the velocity
deficit region to a reasonable degree in some cases even with
global similarity.

Since the experimental data of Ref. 3 is presented in the
form of velocity profiles u/U, as a function of y/L, it is then
necessary to take the results of the similarity solution f” ()
and convert it into the physical space variables. This can be
done by referring to Eq. (7) and dividing it by U,. Hence, for
a selected downstream location x/L and for a given n the
numerical solution gives f' (n), and U,/ U, is obtained from
Eq. (19). For the same 7, Eq. (20) provides y/L, and hence, it

LE
10 1
9 1
8 1
Q
=]
~N
> — Local Similarity
7T (£-.0009)
-~~— Global Similarity
(2=.005)
6 4 O  Experiment
(ref. 3)
5 1
4 t + + + t —
-3 -2 =l (o} A 2 .3

y/L
Fig.5 Mean velocity profile, i =0 deg, x/L =0.24, R, = 900.
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=3 -2 =1 [0} | 2 3
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Fig. 6 Mean velocity profile, i =0 deg, x/L =0.08, R, = 900.
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5 1
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=3 -2 =l [0} A 2 3

y/L
Fig.7 Mean velocity profile, i =2 deg, x/L =0.56, R, = 900.

is possible to plot u/U, versus y/L. Note that the turbulent
Reynolds number R, = U,,L /¢, appears in the expression for
y/L, and ¢, is the unknown constant in the eddy viscosity
relation. Thus, one must arbitrarily select a value for R, (or
eg)which gives agreement between theory and experiment,
which is a requirement of all turbulence theories.

V. Comparson of Theory and Experiment

Reference 3 gives experimental data for a cascade of fixed
geometry and entering velocity, and for three values of in-
cidence angle, i=2, 0, and —6 deg. For the incidence angle
i=0 deg velocity-profile data are provided at three wake
locations: x/L=0.8, x/L=0.24, and x/L=0.56 excluding
x/L =0 which is too near the trailing edge for similarity to
apply. These locations are based on a coordinate system
whose origin is located at 2% of the airfoil chord downstream
of the trailing edge. Figure 4 shows the velocity profiles for
both a global and a local similarity solution at x/L =0.56.
Figures 5 and 6 shown the same results at upstream positions
nearer the airfoil trailing edge. The curvature parameter has
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been selected for both solutions so that there is agreement in
the region of large velocity deficit; however, the global
solution does not merge with the boundary condition for large
negative 5, whereas the local similarity solution agrees well.
The numerical results (f* vs ) which were required for these
figures is not included in graphical form. Figures 5 and 6
show that the global solution velocity profiles deviate in-
creasingly from the local solution in the velocity deficit region
as the trailing edge is approached. In most cases, experimental
data are not available at sufficiently large y/L to check
agreement between theory and experiment with the outer
flow. It is clear that similarity solutions tend to become
poorer near the trailiing edge of the airfoil, but the local
similarity solution in general gives a better representation of
mean velocity profiles than does global similarity. The results
of Fig. 6 are reasonably good considering that this location is
just 10% of the chord behind the trailing edge. It should be
observed that © has its largest value near the airfoil trailing
edge and decreases downstream. Thus the wake is curved
most just behind the airfoil, but tends to straighten down-
stream. Global similarity requires a constant curvature
parameter that is not realistic. .

The velocity profiles for the incidence angle i=2 deg are
shown in Figs 7-9, and again the corresponding similarity
solutions (f’ vs 5) have not been plotted nor are global
similarity results shown. In general, the comparison of theory
and experiment for both /=0 deg and /=2 deg is quite good.
This is due to the fact that for these angles both the wake edge
velocity and ‘“‘centerline” velocity follow a power law
variation from x/L=0.1 downstream very closely as was
indicated in Figs. 1 and 2. Also at these angles the blades are
not highly loaded and the boundary layers on the blades are
quite likely not separated.

Reference 3 includes experimental data for i= — 6 deg, but
in the interests of brevity we have not included any com-
parison of theory and experiment for this case. In general, the
results are poorer for this case than for the two previous cases,
although at x/L=0.56 agreement is still fairly good. One
possible reason for this can be seen in Fig. 1 in that a power
law does not correlate the experimental data as well fori= —6
deg as for the other two cases, particularly near the trailing
edge. Another possibility is that the outer boundary con-
ditions that we have imposed are simply based on an assumed
outer irrotational flow, rather then being determined for the
particular cascade in question.

Another area in which correlation of theory and experiment
is possible has to do with wake curvature. No experimental
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evidence of this aspect of cascade wakes is given in Ref. 3, but
Ref. 10 provides the original velocity profiles as measured in
physical space. The displacement of the minimum velocity
point of each profile relative to the cascade axis is given, so
that a line through these points represents wake turning. This
line is equivalent to the x axis of the theory, and, hence, a
comparison is possible. A numerical integration of sin¢ and
cos¢ in several parts is required to find X and Y because Q
changes in the downstream direction. Figure 10 shows a
comparison of theory and experiment for all three incidence
angles. It is evident that wake curvature is not very large and
the curvature parameter  diminishes in the downstream

J. AIRCRAFT

direction. The lack of agreement is probably due to the dif-
ficulty in establishing the initial value of the slope of the wake
é;.

V1. Conclusions

It has been established that a local similarity solution
provides good agreement with the available experimental data
on mean velocity profiles for a cascade wake in an in-
compressible, turbulent fluid accounting for curvature ef-
fects. The agreement between theory and experiment im-
proves in the downstream direction behind the airfoil, but
agreement is reasonably good even at a point which is only
10% of the chord behind the airfoil when the incidence angles
are small. In addition, the wake curvature results from theory
and experiment correlate well for those cases where velocity
profiles correlate. It is also of interest to note that the
similarity solution requires a power law variation of the eddy
viscosity downstream of the trailing edge, and the exponent
has a different value for each incidence angle. This is not an
unusual result for similarity solutions of problems in free
turbulence. For example, the two-dimensional turbulent jet
and the turbulent mixing of two parallel streams of different
mean velocities, both have an eddy viscosity that varies in the
streamwise direction, and results in good correlation between
theory and experiment.
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